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§1 射の安定同値変形

Motivation : 与えられた射を、ある程度の差を許容して、
　　　　　「良い性質」(e.g. 全射、単射、同型)を持つ射に変形したい。
　　　　　→ここでは、射影因子の差を許す。

加群圏でのねじれ理論と近似理論

A : abelian category with enough projectives.
v
project : proj objs of A

-+245 , f : morphism : At stable category A:= A/proje Iit

M1= FI35#53
.

Ex fix-1Y i d .

Take ( E Y : epimorphism .

Then (f, p) : X**Y
# Y : epi .

# ( =A)

X



represented by monomorphisms (rbm)

# CABr,Katorph. in A

f
.

:

:El EP, Q eproje ,
Es

.t , U : morphs : I St.

IF) : X01 + YO : monomorphism (: Al

Ex f : x+ Y = A

(1) f : mono f : rbm

(2) X = 1 + proju = f : rbm .
C ... / : 1+ Y@1 : mono. (

More generally , X : torsionless ( :E EXC1- > proju)
=> f : rbm

.

(3) X : not Torsless , Y : torsless => f:T rbm

: /EYQ projA

I If f : rbm
,

then EPIQ-proje ,
XOR'LYOQ

· Iso XX@ICY@Q4 &Q - proje
i . X : foreless #

f : x + %)
. xY +Hl not tr/

tr/ rbm rbm

not trl not rbm ?? - Take Yis ??

-> module categoryo523.E, R : noeth. ring

bright R-modules) > Efin . gen .
R-mods3 > Efin . gen , proj .

R-mods)
!! !! !!

ModR modR projk



EX R= kIX ,YD/(XY) : 1- din (All singularity.
(1) X = R() Y = P/1,y) f : X + Y

1 + X ,Y : not forsless ( R R/2,)

t = X =/x) + R

Then
(E) : X+ YoR :in

/Ell = 0 =
a+ (123,3)

= a= (2)M

a= (0(2) = (x)

if : rbm

(2) X = P(xz) z = P(z) g : X + Z

1- X
,
2 : not torsless ( "Ryp,y

Then g : NOT rbm.

In fact , if g : rbm , then EI) : XDR
* CZORE·

May assume = + 19, ti
,
to , ..,ta) : X< ZDR@9

Hote Homp(X /R) = Homp (*/ , R) = (2)

g)- y
: EGER

, ti= yr : X-R(ldVi = al

Then Ker ( + 19, tr . . . . tal : X + ZOR)I
=kergnKer(gri) 1 : Kerlara)( + (eX=)

#

Ihm [Kato] R : comm . noeth. ring.
Assume R : generically Govenstein ( : El FASSR, Rp : Gorenstein 1.
Then #f : X 1 Y : mode

,

f : rbm) Kerf : torsionless



EX In the above example,
(1) Ker(f : 8/12 + P/,3)) =

111,87/(E) = (8) 4R .: forsless.

(2) Ker(g : R(2)+ R(21) =

(2)/2) : not torsless,

Some remarks on rbm

DDED ThMC

Thm <Kato] R : comm
. noeth.

Kerf : torslessTo 3 Ff : modR ol:rbm # R : gen .
Gor.

& stable isom .
2nF- stable isom

. :E) repo by isom El isom ,
in modR

Prop[O] fi modR Then

f : stab
.

isom . E Kerf : proj & irf : rbm.

I
stable Kernel Auslander-Bridger transpose

& Applications [ABr] ...
· Spherical filt .

thm (cf . 50,
2023

, PAMS1(

E
· Origin extension (below) (see also [Kato , 1999, CAT (

Ihm Corigin ext .1 Let Memod& and 170
·

Assume grade ExR(M ,R) +i (kVizn)

Then E 0-1X-MA1-Y+ 0 : exi mode sit
.

It proj , ExtrU(X ,R = 0 , projdim .
Y -

In

-) refine MCM approx . over Gov. Lings . (FPD full + [0,
2024

,
JA7

Three approaches to rbm

· stable mod , theory [ABr , Kato, O] S3

· homotopy cat , Theory [Kato] 53

· torsion theory [Kato appendix by Takashima] $2



§2  Lambek torsion theory

2. 4 ,
5 c SHoshino ,

1992 , Osaka J
.
]

S CHoshino-Takashima , 1994, Osaka 3 .))
.

[Hoshino , 1995,
Osaka J. ]

Riving . M /N-ModR E := 1
-- Home(M,N

Kerf
.

CM : R-submod
.

= Ex+M/Ff : M- N
,
fI= O]

#p(KatolappendSR :nethfix+Yi mod. .

[M : = GFR Lambek torsion submodule ofM .

Note [MCE* (because RCE(R1) · When
"

??

#unde!
(2) FMEA , En = EM

(proof) (1) = (2) Mef . [ g : M+ N
, smockerg]

N > ImgE M/Kergt i
. Eing = 0.I Ent : g() = 0

No

ME. Ing Il

Lem MoCM : ModR
.

Et InjR .

Then E= Mon ErE

(proof) "3"nH . (Ce(RHS)

I Let 9 :Mo-E
.

O + MoFM (CEF +( = 0

Sh ge I
E



§3 ホモトピー圏への埋め込みと単射表現性の高階化

M
In non comm

.

case
, replace (1) with "R : (Auslander's) 1- Covenstein"-

W

#Ricomethsub-mod , a (E Mitosa

(3) VM-modR , E =g)

(sketch#121 AssMCAssEIR) = AssR
.

1 : EqfAssM , Rp : ArtIn
.

Gov
.

- Ass (ER = Ker(M + M
**)) = P

.

:
. E = 0

.I (2) E) (3) follows from abovep If := modR]
. /

Proof of Kato's thm (Takashima Rigen . Cor
. f : X+ Y : modR.

firbm E 0 = Kerfng*hm
Kerf n Sing Ent "

R : noeth
. K(projk) : = [cXs of proj - mods]/GnullxsSu: triangulated category

=14 FxEEy+ Cf + Fx(i) : triangle = KIprojPI(
mapping cone

Ex R = k(XiY]/(x XY , Y2) · Compute F* -KsprojR) .

- - R4(** ) , p2(x) , R + K+ 0
: free resol

-2 1 po of K.



... + RP(** ) , p2(x) , &1) , R - TrE O :

free resol .

of Trk.
↳2* ↳

IX pok q
- I

: Fx = ( .. + r4(
* x)

, p2(x),2), .. )
-Z

- I 8 I 2

~Mrs
1mk (1) 1-forsfree = torsless 2-torsfree = reflexive

12) Stable Kernel (coker
.

) = weak Kernel (coker) ofFiodR.

Def [O] (higher rbm) nY0·

#xYin modR : (Th) : # Hilfl =0-Fien-2

·(2) f : ex with (E: surf , 2 :

14) Ierf : n-torsfree

19))(4) always hold .

Moreover , considerThen (1)E(2) Ef12
(a) gradeKer(Ext(), R) : ExtlY

,R) - ExtIX
,Ril >, n-

(b) 3n
.

Then hold.



n= 2
-

Ex R : comm ..

f: X+ Y = modR Suppose grade Ext(Y, R17, 1

Then (e.g . gradeY, 1)

· f: (Tz) => Kerf : reflexive

·Lef :ref & grade Ext1Y, RIDE = f : (T2) ·

Ex R= EDX ,YM/(XYY f : RAR/(13
,
2) : rbm(= ITill

.

Y "Y

o + E -X- X
**

&=YD EY
.

↓ L(
o - q - y- : By Im , f : not (T2)

.

Application

=shadare


