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1 Introduction

1.1 Equiangular Lines
We introduce definitions and notation for equiangular lines.

Definition 1. A set of lines in Rd is called equiangular if the angle between any two lines is the same.

Definition 2. Let d ∈ Z≥1. Denote by N(d) the maximum number of equiangular lines in Rd. For a common
angle arccos(1/α), denote by Nα(d) the maximum number of equiangular lines in Rd with common angle
arccos(1/α).

Example 3. The following are examples of equiangular lines in R2.
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Definition 4. A set of equiangular lines is called maximal if there is no set of equiangular lines in ⟨U⟩R properly
containing it.

Definition 5. A set of equiangular lines is called strongly maximal if there is no set of equiangular lines properly
containing it.

Example 6. The following are examples of maximal and strongly maximal equiangular lines in R2.

maximal
(not strongly maximal)

⊂ R2 −→ ⊂ R3

strongly maximal

⊂ R2 −→ (does not exist)

1.2 Motivation
Problems concerning how points or geometric objects can be arranged in space are among the fundamental subjects of
study in discrete geometry.

• Sphere packing problem: How densely can congruent spheres be packed in space?

• Kissing number problem: How many congruent spheres can be arranged so that each touches a given sphere?
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1.3 Terminology: Equiangular Sets

Definition 7. An equiangular set of norm α ∈ R>0 is a set of vectors v1, . . . ,vn in RN such that

(vi,vj) =

{
α if i = j,

−1, 1 otherwise.

As shown in Figure 1.3, an affine equiangular set of norm α is induced by an equiangular set of lines with common
angle arccos(1/α). Since vectors vi in an affine equiangular set of norm α can be switched to −vi, the resulting set is

fig:lines-sets-graphs

equiangular lines

(angle arccos(1/2))

→

v1

v2

v3

equiangular set

(norm 2)

→

 2 1 −1
1 2 1
−1 1 2



Gram matrix

→

0 0 1
0 0 0
1 0 0



adjacency matrix

→

1

2

3

graph

said to be switching equivalent to the original set.
A Seidel matrix is a symmetric matrix with zero diagonal and ±1 off-diagonal entries. An affine equiangular set of

norm α has the Gram matrix

αI + S

for some Seidel matrix S. Furthermore, there exists a graph G such that

S := S(G) = J − I − 2A(G),

where A(G) is the adjacency matrix of G. See the above figure for an example. If an equiangular set is switched, then
the corresponding graph is switched, in the sense of the following definition.
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Definition 8. A graph G is said to be switching equivalent to a graph H if there exists X ⊂ V (G) such that

V (G) = V (H), E(H) = E(G)△{{u, v} : u ∈ X, v ∈ V (G) \X}.

Determining whether two graphs are switching equivalent is reduced to checking isomorphism between two asso-
ciated graphs.

1.4 Bounds and Asymptotic Behavior
We first recall general upper bounds for N(d) and Nα(d).

Theorem 9 (Absolute bound
lemmens1973
[4, Theorem 3.5]). For every integer d ≥ 1,

N(d) ≤ d(d+ 1)

2
.

If this is attained, then the common angle is arccos(1/
√
d+ 2).

Only the following examples are known to attain this bound.

d α
2 2 Hexagon
3
√
5 Icosahedron

7 3 Root lattice E8

23 5 Leech lattice

To prove the absolute bound, we use the following fact. Let

Symd(R) := {P ∈Md(R) : PT = P}.

In general, for two vectors u,v ∈ Rd, letting X := uuT and Y := vvT , we have

tr(XY ) = tr(uuTvvT ) = (u,v) tr(uv⊤) = (u,v)2.

Proof. Let u1, . . . ,un be an equiangular set of norm α in Rd. Let

Xi := uiu
T
i ∈ Symd(R) (i = 1, . . . , n).

Then, X1, . . . , Xn are linearly independent in Symd(R), since

n∑
i=1

ciXi = 0

=⇒ 0 = tr(

(
n∑

i=1

ciXi

)2

) =

n∑
i,j=1

cicj tr(XiXj) =
∑
i

c2iα
2 +

∑
i ̸=j

cicj = (α2 − 1)
∑
i

c2i +

(∑
i

ci

)2

=⇒ c1 = · · · = cn = 0.

Therefore,

n = dimSpanR{X1, . . . , Xn} ≤ dimSymd(R) =
d(d+ 1)

2
.

If equality holds, then I,X1, . . . , Xn are linearly dependent. This implies that the common angle is
arccos(1/

√
d+ 2) after a straightforward calculation.
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Theorem 10 (Relative bound
lemmens1973
[4, Theorem 3.6]). Let α > 1 and d ∈ Z≥1. If d < α2, then

Nα(d) ≤
d(α2 − 1)

α2 − d
.

If a set of equiangular lines attains the relative bound, then its Seidel matrix has only two distinct eigenvalues, that
is, it corresponds to a two-graph. We next record a general lower bound for N(d).

Theorem 11 (Greaves–Koolen–Munemasa–Szöllősi
GHAF2016
[2, Corollary 2.8]). For every integer d ≥ 1,

N(d) ≥ 32d2 + 328d+ 296

1089
.

Hence the unrestricted problem has quadratic growth.

Corollary 12.
N(d) = Θ(d2).

We now turn to asymptotic results for fixed common angles.

Theorem 13. If Nα(d) ≥ 2d+ 1, then α is an odd integer.

Theorem 14 (Lemmens–Seidel
lemmens1973
[4, Theorem 3.6]). For every integer d ≥ 15,

N3(d) = 2(d− 1).

The asymptotic formula for N5(d) was conjectured by Lemmens and Seidel and established in later works.

Theorem 15. For all sufficiently large integers d,

N5(d) =

⌊
3(d− 1)

2

⌋
.

As a generalization of the above results, we recall the theorem of Jiang–Tidor–Yao–Zhang–Zhao.

Corollary 16 (Jiang–Tidor–Yao–Zhang–Zhao
Zhao2021
[3, Corollary 1.3]). Let α ≥ 3 be an odd integer. Then

Nα(d) =

⌊
(α+ 1)(d− 1)

α− 1

⌋
for all sufficiently large d.
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1.5 Low Dimensions

1.6 Strong Maximality

Theorem 17. If a set of equiangular lines attains the absolute bound, then it is strongly maximal.

Furthermore, if α = 2,
√
5, 3, then there exists a unique strongly maximal set of equiangular lines with common

angle arccos(1/α). However, if α = 5, then an analogous statement does not hold: there are many strongly maximal
sets of equiangular lines with common angle arccos(1/5).

Question 18. For any odd integer α, is there a strongly maximal set of equiangular lines with common angle
arccos(1/α)?

The following facts are known about strongly maximal sets of equiangular lines.

• K̄n is strongly maximal iff n is odd. (The angle is arccos(1/(n− 1))).

• Kn + Em (n,m ≥ 2) is strongly maximal iff α ∈ 2Z when α ∈ Z, and ....

• Let α < 3. If there exists a set of equiangular lines with common angle arccos(1/α), then there exists a strongly
maximal set of equiangular lines with common angle arccos(1/α).

• If a Seidel matrix has only two distinct eigenvalues and one is not an integer, then it is strongly maximal. For
a prime power congruent to 1 modulo 4, the direct sum of the Paley graph of order q and K1 has eigenvalues
±√q.

2 Affine Equiangular Sets

dfn:aes Definition 19. Let β ∈ R≥1. Let r be a root in RN , where N ∈ Z≥1. The set of vectors u1, . . . ,un in RN is
called an affine equiangular set with norm β with respect to r if

(i) (u1, r) = · · · = (un, r) = 1,

(ii) (ui,uj) =

{
β if i = j,

0, 1 otherwise.

The root r is called the switching root of the affine equiangular set. For u ∈ ω with r− u ̸∈ ω, the pair

[u]r := {u, r− u}.

is called a switching pair.
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Definition 20. For a vector u and a root r, define a map Lr by

Lr(u) :=
2u− r√

2
if (u, r) = 1.

For short, we write Lr(u) as L(u). Also, for a set ω of vectors, define RL(ω) := {RL(u) : u ∈ ω}.

Note 21. For an affine equiangular set ω = {u1, . . . ,un} with norm α with respect to a switching root r, we
have

(L(ui),L(uj)) =

{
2α− 1 if i = j,

−1, 1 otherwise.

Furthermore, the lines
{RL(u) : u ∈ ω} ⊂ ⟨u1, . . . ,un⟩ ∩ r⊥

are equiangular with common angle arccos(1/(2α − 1)). We say that this set of equiangular lines is induced by
ω. Any set of equiangular lines with common angle arccos(1/(2α − 1)) is induced by some affine equiangular
set with norm α.

Affine equiangular sets of norm s
1:1←→ Equiangular set of norm 2s− 1.

Affine equiangular set

(ui,uj) =

{
s if i = j,

0, 1 o.w.

x

y

z

1√
2

r

u1

u2

u3

vi := L(ui)

Equiangular set

(vi,vj) =

{
2α− 1 if i = j,

−1, 1 o.w.

v1

v2

v3

dfn:switching_equiv Definition 22 (Switching). Two affine equiangular sets ω and ω′ with respect to a common switching root r are
said to be switching equivalent if there exists a bijection g : ω → ω′ such that

g(u) ∈ {u, r− u}

for every u ∈ ω. Denote by ∼sw the switching equivalence, that is,

ω ∼sw ω′

if ω and ω′ are switching equivalent. Define

[ω] := {ω′ : ω′ ∼sw ω}.
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Note 23. Since

(u, r− u) = 1− β

and β ≥ 1, we have

u ∈ ω =⇒ r− u ̸∈ ω.

Also, since

L(r− u) =
2(r− u)− r√

2
=

r− 2u√
2

= −2u− r√
2

= −L(u),

we have

RL(u) = RL(r− u).

For two affine equiangular sets ω and ω′ with respect to a common switching root r,

ω ∼sw ω′ =⇒ RL(ω) = RL(ω′).

Definition 24 (Isometric). Affine equiangular sets ω with respect to a switching root r and ω′ with respect to a
switching root r′ are isometric, denoted ω ≃ ω′, if there exists an affine equiangular set ω′′ switching equivalent
to ω′ and a bijective isometry g : ω ∪ {r} → ω′′ ∪ {r′} such that g(r) = r′.

Note 25. For two affine equiangular sets ω and ω′ with respect to switching roots r and r′, respectively, we have

ω ∼ ω′ =⇒ ω ≃ ω′,

ω ≃ ω′ =⇒ RL(ω) ≃ RL(ω′).

3 On Root Lattices

Definition 26. A lattice is a Z-span of a R-linearly independent (finite) set of vectors in RN . A lattice L is said
to be integral if (u,v) ∈ Z for all u,v ∈ L. A lattice is called a root lattice if it is generated by roots. Define

R(L) := {r ∈ L : (r, r) = 2}.

It is known that the irreducible root lattices are enumerated up to bijective isometry as follows (cf.
Lattices2013
[1, Theorem 1.2]).

An := {v ∈ Zn+1 : (v, j) = 0} (n ∈ Z≥1),

Dn := {v ∈ Zn : (v, j) ∈ 2Z} (n ∈ Z≥4),

E8 := D8 ⊔ (j/2 + D8) ,

E7 := {v ∈ E8 : (v, e1 − e2) = 0},
E6 := {v ∈ E8 : (v, e1 − e2) = (v, e2 − e3) = 0}.

The following is well known.

D4 ⊂ D5 ⊂ · · · ,E6 ⊂ E7 ⊂ E8,

D6 ̸⊂ E6,D7 ̸⊂ E7,D8 ⊂ E8,

En ̸⊂ Dn′ for n and n′.
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The Weyl group W (L) of a root lattice L is the subgroup of Aut(L) generated by all the reflections sr corresponding
to roots r, where sr(x) = x− 2r(x, r)/(r, r) = x− r(x, r).

4 Affine Equiangular Sets of Norm 2

The sets of equiangular lines with common angle arccos(1/3) are described by root lattices.

4.1 Maximality
We determine the maximal sets of equiangular lines with common angle arccos(1/3) using root lattices. An affine

table:N3(d)

Table 1: Maximal sets
d 4 5 6 7 ≥ 8
# 6 8, 10 12, 16 28 2(d− 1)

L(2, 3) L(2, 4), L(K5) L(2, 5), L(K6) +K1 L(K8) L(K2,d−2)
L D5 D6,E6 D7,E7 E8 Dd−1

equiangular set ω with norm 2, together with its switching root r, generates an irreducible root lattice L := ⟨ω ∪ {r}⟩.
Then, we have

ω ⊂ {u ∈ R(L) : (u, r) = 1} .

Conversely, we can construct an affine equiangular set with norm 2 from an irreducible root lattice.

Definition 27. Let L be an irreducible root lattice, and let r ∈ L be a root.

Nr(L) := {u ∈ R(L) : (u, r) = 1}.

Then, r ∈ R(L) =⇒ r− u ∈ R(L) and

[ω]
1:1←→ {[u]r : u ∈ ω} ⊂ Nr(L)/ ∼sw .

Lemma 28. Let L be an irreducible root lattice, and let r ∈ L be a root. Then, Nr(L)/ ∼sw is the switching class
of an affine equiangular set with norm 2 with respect to r.

Proof. Let [u]r ̸= [v]r ∈ Nr(L)/ ∼sw. We show that (u,v) ∈ {0, 1}. Indeed, it suffices to show that (u,v) ̸=
−2,−1

(u,v) = −2 =⇒ 1 = (u, r) = −(v, r) = −1.

This is a contradiction. Also,

(u,v) = −1
=⇒ u+ v ∈ R(L) and (u+ v, r) = 2

=⇒ u+ v = r

=⇒ u ∼sw v.

This is a contradiction. Therefore, (u,v) ∈ {0, 1}.
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lem:transitive Lemma 29 (
Lattices2013
[1, Lemma 1.10]). The Weyl group of an irreducible root lattice acts transitively on the set of its

roots.

Corollary 30. The switching classes of maximal affine equiangular sets are Nr(L)/ ∼sw (L = Dn (n ̸= 8),
E6,E7,E8).

Proof. The candidate switching classes of maximal affine equiangular sets are Nr(L)/ ∼sw, where L is an irre-
ducible root lattice. By Lemma 29, this does not depend on the choice of r. If

L ⊂ M =⇒ Nr(L)/ ∼sw⊂ Nr(M)/ ∼sw,

then, by the containment relations among irreducible root lattices, the maximal ones are Nr(L)/ ∼sw where L is
a maximal irreducible root lattice, that is, Dn (n ̸= 8), E6,E7,E8.

Example 31 (N{e1 + e2}(Dn)/ ∼sw). Let r = e1 + e2. Recall that

Dn = {v ∈ Zn : (v, j) ∈ 2Z}.

Hence,

Ne1+e2(Dn) = {ei + ej : i = 1, 2, j = 3, . . . , n}.

This implies

Ne1+e2(Dn)/ ∼sw= {[e1 + ej ]r, [e2 + ej ]r : j = 3, . . . , n}.

Then, ei + ej corresponds to the edge {i, j} of K2,n with partite sets {1, 2} and {3, . . . , n}. Hence, the Gram
matrix of ei + ej (i = 1, 2 and j = 3, . . . , n) is

2I +A(L(K2,n−2)).
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