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A>rO803>
SIBCE, BHC TP B 2 RO, Ha 1 KAEREM Z v Th s, EFEZOHBERC

DWTIEE T 5.
k% Q (BHEERKROESR), R (EREROES) F/113C (ERMEKOES) v 325 (Xh—ick

BARE L TEZATHRY) . k Loy 1 X7

a1121 + a12T2 + -+ + a1p Ty = by

a21%1 + a22%2 + - -+ + A2 Ty, = b

Am1T1 + AGm2X2 + +++ + App Ty = bm

X, Al AWTERT

aiy a2 - Gln z1 by
a21 agz a2n X2 by
Aml Am2 - Omn Tn bm

rEFE. ZORIHIGLT, Ax=b 2ELZ2ICTE. ZOLED A% Z0EY 1 XHERDRKIT
Fle s, X512 AR b EL 5237474, (A|b) ZHABREBITH & WS . #HIT 1 KGR O —BIEIL
KIFEATHNC LT, HORDBEEE RBIHBLEH) 217522 TEHELNIZDTH 7. Hilk R THERT 5.

Bl 0.1. # 1 XGERE LT

1 2 =2 T 3
1 -1 3 y|l =14
2 3 -5 z 1

1 2 =23 2 =213
1 -1 3|4 |—=]10 -3 5 |1
2 3 5|1 0 O 1 |2

AP TES. 3MTHIZ z=2Z2EKLTHED, ZhE 27H»S y =320 h, BRI 1TH2S
z=10"{oNd. LAdoTIoEVEXDOMRIZ

(xay7 Z) = (L 3, 2)

eiAb.

ZD &S, #Y 1 XRAERDGE, fTREAEHEEDIRL, BEEBATINCER T 2 2 TYFEHEL,
ERDOVINVHFEREFHICHOI 2 22T, By AEREMR ZEMAEETH . FIT, TOEHIILA
BN 1 KGR L CHABREIORIETKR T 2. LB TR TS I 02X DiET 12X
FTIRERFHEEZ > TR TR ZEDBARETH 3. FNTIE, 5D LEMZEN HEROEEEY S

2. PIZE, 1 REFRS mnE R,

ry+22-2=0
22 —yz=0

rz—y? =0
ZREANCIRE S T2 IEATREZE A D . FIFZoEVAER Tz &y 25 FLAEE TR

2322 42=(2-1)(z+1)(2*-2) =0



EVWOSFHLOLRAMIBRON, BERDLIEHNTEL. ZATIRIORZE SR o THOTFUINWDES S
. AHFRTIE, —ROFELHEY 7 b7 27 IRAFEASNTWEI LT F—BELZ -7 —fRDZIHAD
HN R ERL 7 VTV XL MRS 2 e 2 HEL T 5.



1 ZEARET 71 USKE
AWHCEETH 5 SHABR Y BANARRIONRTH S 7 7 4 VKL HAT 5. £ TRHHRO
e SRED B,

E& 1.1. 21,...,2, ODHEIEN (monomial) &1

Qn

o (6]
xl .:L-2 xn

DIEDED Z 25, I THEM ay,..., 0, BIERBBTHS. Mar+-- + o, ZZOHIEAK
DERE (total degree) L.

HIHAZHRIL L TRO LS ICKALTE2IEDTES. a=(a,...,a,) ZIFAEBED n HOMHE LT,

a9

o aq (0%
T =T Ty "‘Sﬂn"

rEL a=(0,...,0) DL EX, 2*=1THBILICERTS. |a|=a1+ -+, T&D, HIEK 22
DEXBERT.

EE 1.2. FEZ £k 1ZFD 21,...,2, DZIEW (polynomial) f &i&, k O R L 3 2 HIERK
OEREOHEFEEDZ e 2 WS, ZHRA f ZRD KX HITKRT.

f= Zaama, aq € k.
(o]

ZZT, MFERMED a = (a1,...,0,) IDOWTE->TWA. F8E k IZFFD 2q,...,0, DEXIH
R2ROEER k[X] = klz,...,2,) EET.

ZR DD D I8 B2 WS & 2id, RFEZEANVT, 21,22,23,... DD DI 2,y 2,w 2 5.
ZHERX 2D BT ROFHGEZES.
E&E 1.3, =), a.2" & klz1,...,2,) DZHALT 3.
(1) an ZHIHI 2o OFREL (coefficient) L\ 5.
(2) an 0 DEE, aqz® Z f DI (term) & W I.

(B) fFAODLE, Fl a, DERTRVEIR |a] DERKEE f DEKRE (total degree) & W\,
deg(f) TET. BEHEROLKELERL .

B ZIX, klr,y, 2] DZHEKX f = 20392 + 3y°2° — 3oyz + 92 X 4 DHEFL, 2XBI 6 THS. T/
BB R OEIIERED 2 Z L ICHFEET 5.

2O0DZHEAXDEPHNIS T OB HEA 25, ZHK f,g e k[ X]IWTHNLT, g=fh &2 K57%%H
Rh ek X|DFEETDILE, fldgZzEIDYIB 0, flg &RT.

RIT k[ X] DECARIREEIZ DO W TR .

E&E 1.4. AR (commutative ring) I13%EAH R T, ZOLIZ2 00 2HEE “+7 & “7 2ER
ENT, ROFEMHZMIZLTVEDTH .

(1) (a+b)+c=a+(b+c) & (a-b)-c=a-(b-c) BFTXTD a,b,c € RN L Tiiti/ze STV
5 (fEEM) .




(2) a+b=b+at a-b=b-a BTXNTD a,b€ RIHLTifilzEN T2 (AN .
B)a-(b+c)=a-b+a-cPFTXRTD a,b,c € R I L TiiZzZNTWD (FHEHE) .

(4) ROIL 0,1 € RHPFHELT, TRTDac RIINLTa+0=a-1=a &% (BT
T#1E) .

(6) GAbNZTLa e RITMLT, TLOERVFLEL T a+b=0 &723% (NEDHEITTDFLE) .

K[ X) EINiE e ED RT, AHUROMIEZRD. WwRIZ, k[X]IFZBIENER (polynomial ring) ¥ FEIN .

RIZT 7 4 YR ERT 5.

EE 1.5. £5
k" ={(a1,...,ay) s a1,...,a, € k}
%k Lo nRILT7 7 1 %M (affine space) EMER. fi,..., fs Z k[ X] DZHKE Lzt X,
V(fi,o s fs)={(a1,...,a,) EE" : TRTD1<i<sIMNLT fi(as,...,a,) =0}

EBE.V(fl,.. . f) % [, f[s TEDERIND T T 1 ZHKIK (affine variety) W5, i
fiooo s fs ZV(f1,..., fs) DEBAEBLE VS,

DENTT A VERIAV(f, ..., [.) LT HER
Fi@1se @) = fo@1y ooy @n) = oo = fol@r, .o a0) =0

DIRERRDEEGTHS. LzdoT, ~ROZEKXOEV XL, L322 V(f,....f) &
RINCRER S 2 2 WS Z e cttiiz & 7.

Bl 1.6. Fi R?2 NOZARK V(22 +y2 — 1) 2EZ 5. ZHIFSNZEFRLE TR 10MTHS. i
& MR (M9, F&M, BRR, MR &7 7 4 Y 2RMETH 5. FRICZEABERD 77 737 7 4~
ZRRRTHE (y=f(lx) DZI7& V(y— flz)) TH3).

774 VERIRIEESICHRD DRI TEIrRTNERL RV, i3 k=R DL ¥,
2?2+ y? = -1 BEHBEERLZZOPS, HL2IC V(@2 +y?2 +1) =0 TH3 (k=C Dt 213D
%) . Aol V(zy,zy —1) TH3. Grotlzo & y LT, 2y =0 & oy =1 2EKHITEH D 2D
Iz s, ZHICARKETHEESTHS.

RIS, 774 YEREROEAREEEZT L TEL.

BELIT. VW CE" D774 VERELRLE, VUW 2 VAW 774 YEHIKTH 3.

Proof. V.=V (f1,..., fs), W=V(g1,...,g:) THB55. DL X,

VOW:V(fl,ouafsvglv"'agt)
VUW =V(figj:1<i<s 1<j<t)

YR ETETS. I BHOSEOMHZEETHS. ER VAW KBTS 28, f,....fs
Y gl g DRHDHERZ Y, FTHRDB fire fargryerrge DR DL 2 ERT 255 TH 2.1

2FHDHERIED 3D LKETHS. (a1,...,an) €V T BY, TRTD f IZZOHATHZZDD, T
RTD fig; dEFH (ar,...,a0) THASB. LEDoT, V CV(fig) Tha. R W C V(fig;) B

L 4% %] 1% vanish OFRT, ERLOICHRZ L 2EKT 5.




PES. ZHIE VUW C V(figj) ZRLTW3, E@@ﬁ%ﬁ{%%i‘\?‘f:&)b:, (al,...,an) S V(figj) 7
R IRV IEL TOWIUSREA» KD S, 25 ThweTde, 5 ig KHLT fi,(ar,...,a,) #0
TH5. fEED jITHLT fi,g5 & (a1,...,a,) THRATWEHH, ¢ ZIDRTHATWRITFIIRS
v, ZhUE (a1,...,a5) €W ERLTWS. MLEICKD V(fig) CVUW RSN, O

B E
(1) 18 (a1,...,a,) EEMET 7 4 YEZRRIKTH B Z & ERE.

2) k" OEBOERBIERIEZT 7 4 VERETHZ Z L BRtE, b b B LT 2RV L.



(1) 0el.
(2) f,gel Bl f+gel.

(3) fel»Dhek[X] BolXhfel.

A FT7IVIRREREEE TV O R Y PV EBOERDZERID X5 RbDTH 5. ES DI, T MILVZERD R
HT—ED, 4T 7NV TREZEADHELE R-oTWEZ2THS.
A F7NOERADBRZENE, BREOZHERICEDERINE AL FTT7ILTH 5.

E&E 2.2, f1,....fs Z KIX] TEEN2ZHAL T2, 2O &,

<f1,...,fs>= {thfz : hl,...,hs GK[X]}
1=1

Bl

HERFERZ, (fi,.... [ DPATTINCRZILTHS.

WE23. fi,.... f. e KX] £F3Y, (fi,o.fs) & K[X] DAFTATHS. (fi,....[f.) ®
fioooo fo € K[X] ICEDERTNBAFTILEWS.

Proof. $30=37_,0-f; 05, 0€ (fi,....[fs) THD. K f=>"_pifi.g9=>2 i ¢fi IRE
L, he K[X] £35%. 2ok =%

S

F49=> (pi+a)f

i=1

hf=> (hpi)fi
i=1

‘-'kb, <f1>---7fs> Li/fi‘?/VTZﬁé O

ATTN fr,. o, fo) 1&, ZHROBNFEAEZEZ 2L 5 EMNTES. f1,...,f € K[X] ITxfL
T, #A R
fl = 0:

fs = 0
2EZ5. IhooBEA»s, fBEHEZHOTIOEV AERZEL 2N TES. L2, &BID
FERE b e K[X] Oz 5, 2HBBDOAERE hy € KIX] OFZR L 2, 205 XS RIHIE->7RD
Mz sy,
hifi +hafo+ -+ hsfs =0

Y L OEN GREAPSEONS. COHBROEIL, FXXATTN (fi,...,f) DERBRIK->TNWS
CCWRERT . LEDoT, (fi,....fs) FHEVAIEK fL=fo=-- = fo =025 Naki S 7ZHA
ERPORDERELEZDIENTES.



A 77N I DPERER (finitely generated) TH 2 LK, T = (f1,...,fs) &85 fi,...,fs € K| X] D’F
ETHE220V, f1,...,fs Z I ORIK (basis) £7213%EMR (generator) &\ 5. HRADEIT, K[X]
DEBDA F7VIIARERTH 2 L WS EERZIAHT 2 (ZHUIL L P DOEEEHE LTHISNT
Ww3) .

ROGEE, 4 T 7 NVORETHOREZRET 5. ZNIZRIERZOERFERNICE Y EREINE T
FTTPNRFHFT L2 2R LTV,

ﬁ% 2.4. fla"'vfs & g15---,9¢ 7 K[X] ODIEID{?;?}I/@%EVG%é; Oib <f17"'af8> =
(g1,---qt) £F 3. ZDEZE, V(f1,...,fs)=V(g1,...,9:) TH5.

Proof. V(f1,...,fs) CV(g1,...,q) ZREETTTH 3. (a1,...,0,) € V(f1,.... [s) BHEFICL B, &
DLE, EED i ITHLT, filar,...,a,) =0TH2. (fi,....fs) ={(g1,...,9:) THZDT, {EED g,
WAL,

g =h fi+ -+ RO S,

vi5n?, . WY e KX 2titET 2. T3

gilai, ..., an) :hgj)(al,...,an)fl(a1,...,an)—|—---—l—hgj)(al,...,an)fs(al,...,an)
:hgj)(al,...,an)~O+~~+hgj)(a1,...,an)~()
=0

BIRD D, LED 5T, (a1, . an) € V(G1s-. 1 ge) ERBDT, V(fi,..o)fs) C VgL, ... g0) B
3. O

Bl LTEZRE V(222 + 392 — 11,22 —9y2 —3) 2E 2 5. (222 +3y? — 11,22 — 92 —3) = (22 -4, - 1)
CRBIEDEZGITREEZDT, LomELD

V(222 +3y% — 11,2% —y? —3) = V(2? —4,y* — 1) = {(£2,+1)}

Yib. TDXIXATTINDOREZRDIEZ 2 Z2I12LD, ZREERELLTL Kol
RCEZONT-ZHEETHZ 2 ZTHRESEOEREEZ 5.

EE25. VCk" 2774 V2R T3, 2o %
I(V)={fe K[X]: $XTD (a,...,a,) €V IIHLT f(a,...,a,) =0}

LBXL.

HELHERE, (V) BATT7IRZZeTH 5.

WE26. VCk" 2774 2K $5. X I(V)CK[X] BAF7ALTH5. I(V) %
VOITTILEWS.

Proof. EZERNIZ k" 2R THZA2006FCV EHZ 2. Liz2->T 0 (V) ZHLNTHS. RIC
Lgel(V) eIREL he K[X] £ 3 5.
(ai,...,an) 2V DIEEDORETS. ZDOLE
fla,...,an)+glar,...,a,) =04+0=0,
h(ay,...,an)f(a1,...,an) =h(ar,...,a,)-0=0

L EHE, I(V) 3L FT7ATHS. O



il 2.7. ZREDA T 7 ADHIE LT, k2 DIFRED» SR ZZHK {(0,0)} X 3. ZOrE, ZDAT
7N I({(0,0)}) 1F, FATHRZITNTOZHEAD SR 27D,

I({(0,0)}) = (z,u)

MDD, Alx,y)x + Blx,y)y DIEOZIENIIHASL 2ICFETHZ 205, GFHO—AHIZHETH 5.
b 5#73%3—_\‘3—7@&)0:, f = Zi,j aijxiyj ﬁ’ﬁ)ﬁf?ﬁk% Xﬂiij—é Dk %, apo = f(0,0) =0T®
05,

f=a0+ Z aga'y’ =0+ Z az' "ty |z + ZCLijjfl Yy € (z,y)
(4,3)#(0,0) i>0,j 3>0

2%, PLEICE D FRIRES N,

EE 2.8. 1771 Ck[X] BBIERA 77 )L (monomial ideal) TH 2 L IFHIESE A C 22, H
HoT, IDVY cphar®(ha € k[X]) DIEOBERMTEH I 2ZHA2ARPOLZ 2V, ZC
T Zso BFEABBEROELSTHSE. ZOLE, [=(2%:acA) tEHL.

Bl 2.9. Qz,y| DATT7NANELTI=(z+yz—y) 2EXS. TOLE, (z+y) +(x—y)/2=axk
(z+y)—(x—y)2=ydbaycl, FIZ, (z,y) CITH3. HLPIZHDOUEZEFRHD LODT,
(@) =T EHB. LihoT, [IEHERAF7ATHSE. ZOLIE, 4F7ADBBIERTE NS DT
ARSI TV LTS, HIEXA T7 VLRI D 5.

AT 7 MIET 2RENEE LT, GAoNT f ek XA TT7NI CEX|TET 0L 512k
ETDE7NITVRLDPFET 20?8 W0WH A T 7AFBRED D 2. FIHAXA 77 /WAL T, ZoR#EE
i TH 3.

R 2.10. I=(2°:ac A ZHERAFT71L2 35, Zovx, HEX N TDOLTHZ L
¥, BBdac AL T2 Dz TEDOYINZ Z L IXFEMETH 3.

Proof. d L 2’ MM a € AITHLT 2 DETLTH2RIE, A TT7IVDERICED 2P c I TH 3.
W, bLaf eI THEROIE P =3 ha*D) 2. ZZT, h €k X]PDa(i) e ATHS. b
L, & h; ZHOHNIHRT 3 &,

2B Z Bz — Z (Z Ci’jxm,j)) 200 = 37 ¢, jaP0) o)
=1 =1 7 2,7

8%, ACEN B BEEROZIE L 220 o ¥ TE YIS, Ldo TEHLOHEIER f R UM
BrED. O

RiZ, GRAoNEZEKX f BHERA 77 UCEEN 2 L5 0 OHEEEZT 5.

WRE 2.11. [ ZHERA T 7L L, fekl XT3, ZOrE, RD3ODFREFMETH .
(1) fel,
(2) fOTXRTOHEZTICET 5.

(3) fiF I DHERD K FEAEETDH 5.

Proof. (3)= (2) = (1) ¥ (2) = (3) @IS, (1) = (2) 13 2.10 L AEEDO HETIHMTE S, O



ZOMED (3) 25, HIHKA 77V Z0HCE TN 2 HIHAD S —BHICIREZ NS Zehbnb.
U 7?3 o TRAPD LD,

%212, 200HERA TT7ADBELCTHE I, ZIRXEFNIHEXEEN—-HT L
FETH 5.

RBRICHIENR A 77 /U T % b L~L b OREKEH Z RS 5.

FIE 213 (T4 7Y VOME). [ = (2 :ac A) ZHIEXA F7 LT3, ZorE, [IIERME
Da(l),...,a(s) € ABBATI = (z°W, .. 200 r BERT LA TE L. g, TIXERAE
JRTH 5.

Proof. ZBOEE n 12BT 2mMNIEZES. n=10 &, TIIHERK 29 (e € A CZ>o) X DERSH
3. BEADBNTLTE. COLE, < aBTRTDac ARHLTHKD IO, koTal izZzof
DAERTE 2 ZFNTEIDYIS. ZhEb 1= (a)) 25,

RiZn ETEEPKDUIDERET 5. Ry = klry,...,¢n,y] &L, BENXE 2299y™ 2 RL, [ =
(zoy™: (a,m) € A) L EL. A ={a€Z:¥m,(a,m) € A} ¥ L, k[X]=klz1,...,2,] DA T T

Ji={(x%:a€A') Ck[X]

BERT L. BNEDREDLS JIFARMED a(l),...,a(s) € A Z3EBAT J = (x°W, .. zo0)) v &
_ZEWTES. &L, (ali),m) € A2 m Behds, M%Em ORKEETZ. R,
0<k<M-1ZHNL, kKX]DATTN J ZRD XS ITHKT 5.

Jg = (2% a € Ag) C k[X],

R U A = {a € 2% : (a,k) € A}, BUORRDOIRED S GRMED ap(1),...,ax(sk) € Ap ZIEAT
o= (xox M pon()) pELZERTES. ZOLE TFRO TIZET % HIEK

P OyM1<i<s), ey 0<k<M-1,1<i<sy)

THERENS. EBE, T OBER 2y 23D o722 %, m>M B3 T OERED, H2 2OyM TED
Y, m< M &5 J, ORI D, B2 22Oyl (¢ <m) THDOYINS.

EHWREDELEMITTBIF T BT 2006, 2 2%y™ ((a,m) € A) TEIDYIN S, ZOEMTE ZD
Y WKL T, ERT 24 T 7 NMINELBERNDT, RED TIFELWV. LT, ARED

(a,m) € AZEAT, I Za%ym 2B TERTEZZebhroT:. O
EERRE

(1) Qlz,y] DA F7NDEKX (222 + 3y — 11,2° — ¢ - 3) = (2% — 4,4° — 1) ZiRE.

(2) AT7NVICEX|IINL, [=k[X]|ThdZrl1clTHLIPAMETHZILERE.



3 HERERFCOET7ILIVILA
COETRZHEROEVERE2%. $FEn=1, 2FD 1ZHOLEEOZHEROE Y EZ BT,
Bl 3.1. 22 +32+5%2 2+ 1TEHZZR2EZS. T2LEHILURDISCET3.

z +2

z+1 )x2+3x+5
22+

2z 45

2z 42

3

ZDEE, o+ 200, 3DBRDEBRoTVS. Ko THK
2 4+324+5=(z+1)(z+2)+3

PEONE. CZOFEROEIIDAT v I B3 ZHN 22+ 32 +5 OERXDHE 22 %, H5ZHA 2 +1
WCHIER ¢ 2HNI 723 D%5IK 22 THL, XBO - =2HRE2H2. BoNXED R - 7218
AR L THRBRD AT v T2EDIRT Z & T, wAEINICHE - =2 THA DD E 2 ZHA DK L D /hx L
b, A7y KT T 5.

Zoflo xSz, ZHK f,gcklz] CRL, fZ2gTEHDZ WS ZXIE, f=qg+r ZHMT, “ Bk
ZIEN q,r € klr]) EROI 222 TH3. X DIEISIRND L ROMEIEK D LD,

3.2 (FWETLIVRL (1ER)). geklx] ¥R TRVWEEHAL TS, 2oL %, (FED
€ klz] &
f=ag+r
LEZXRES. 2T, qreklz] T, r=0%FiF deg(r) < deg(g) DD ILD. THITq & ri
—BHNCEE 3.

Proof. ¢ £ r ZRKDZ 7NV ZLDHELI— F2HLILTIIEDZ. (ZOT7AT V) X L0FEILTEZ L
, BonMERImEL T I OMHIZERK T 2) . ZHEK f c klz] KL, LT(f) % f OFHE
DIEY T 5.

Input : g, f
Output : ¢, 7

q:=0;7r:=f
WHILE 7 # 0 AND v1(g) 23 vr(r) 25D 1% DO
q:=q+1r(r)/Lr(g)
ri=r—(L1(r)/L1(9)) 9
RETURN g, r
O

FNTEERPEZILGE R 0. ZHA f c kX% fi,...,fs € K[X] TEZVW501%, f =
Qfi o qefs +r BT, THEMRZER ... ,q,r €EX]|ERDOFZ I THE. Ik 1EK
@FA@7ijXA®i5K BLWKBEFIBELES 7TV XL REDITOVEWV. LrL, 12D

BriE-T, ZEROEE, ZHEHRNICFR UCXEOERFEET 25580855, HIZIE, 22+42D 2%k

10



VIR DR 2 DIHTH 5. ZOHE, YobOHEZELEL THBEXVWWDD, 2WHMENHTL 5.
ZEBOZERNICB T 2E Y BEEERMLT 272012, TTRHEEXSEKICET 217 5.

EE 3.3. YEEALL, <) 2% FTERIN-ZHBKRE T2, 20 H2 E xS OHES
X DFHELT, (a,0) e X bR a<beFEL. Zorx, <»HY LOFIBEF (partial order) TH
%%, MR 3&MEMETEERNS.

(1) (REHE) FED ae T ITHL, a<a.
(2) (R¥FE) FED a,be TITHMNL, a<bhDb<aXkbliFa=0.
(3) (HERR) EED a,b,ce DXL, a<bhDb<chHEbiXa<e

a<bPDOa#AbDeETa<brFEL. THIMEEDa, b ITHL, a<bFERIFIb<La %k
e &, FlHF < 1Z2IEF (total order) &MHIN 5.

il 3.4. L %SG {a,b,c} DEEALL, XCYRLIE XY rELZLICT2L, <Y LoYIEF
ThH5. LarL, 2EFTERV. EE, {a) & (b} FHEARHETH 3.

E& 3.5. M, & k[X] OHEA2KOEEGL L, <Z M, LORIEFLTE. ZOr %, <HEX]
DOBIARERF (monomial order) TH 5 & 1&, KD 2EM 27T 22V,

(1) EROBER uve M, ML, 1<u.

(2) EED u,v € M, ITNL, u<vRBIE, FED we M, ML uw < vw.

<P DLE a<prELILd D 3.

PlzZEF 2E0C, £3I3MEE 2 OMNT 5.

¥ 3.6. <% K[X] LoHERIEFET2. 2O E, TED u,ve M, WL, udvZEHD
U225 8u<vThH?.

Proof. u3v ZEIDYIZLIRETSE. ZDLE, HBBbwec M, DPELELT, v=wu &%, THIEARN
JHFDEZRLD 1<w kb, Lo T, BUBEAEFOEEREID 1l uw-u=v i), uovd
bbb, O

8 3.7. < FEX|0HHENEFE T35, ZorE, <IZBT 23 HIEKOERERADY
Ug > Up > Uy > (u; € My,)

FIFE LRV,

Proof. FERARE. O
REM L BERIEF % 30N T 5. LR, u=2%v=2" PHEL T 3.

Bl 3.8 (BFENERE). u,v WL, u<iex v ERXZ ML B - ZBVWTRHEILH S 0 THRWESHIEL &
%, TERTS. PIZWE, v=a0lr L u=ma23 £FERXDL f—a=(2,1,0)—(1,1,1) = (1,0,—1) &D
T 2229 S1ox 117273 THD. TDE X, <o T k[X] OHIERIEF L 72 5.

11



HEAER IHECTHEDLDN TV AHEDIEFIZETWS., EEE, X7 ML a DT %, HEOFHOXFE
YREFTIENTES. XFRETL7 7Ry MEZIEESIFEXATWAS.

a>b>c> >z
FT2L, BlZIE, arrow > arson £72%. ZHF 1, 2BFBEHONFREBLHBFELT, 3XXFHRr >sT
HBEPLTDHA.

Bl 3.9 (REUT EFFEETNET). w, v ITH L, u<gex v & |af <|8], £71F|a] =8 2DORTZ PV -l
BOWTHRLEHZ 0 THROVEGDIEL RS, TERTS. HIZIX, v=2dr L u=a212003 BEZ 5L
T3xg <glex T1722% THD. (—HT, 2329 >iex 112203 TH B.) TDEF, <gox & k[X] OHERNEF &
5.

B 3.10 (KB =2 HFEXNET). w,0 THL, u <jgex v & |af < |8, £ o = |B] OXZ FL
B—alBVWTERLBEICHE 0 TROVRGVEALRD, TERTD. v=0lr & u=x121203 EHEAD L
B—a=(2,1,0)—(1,1,1) = (1,0,—1) ZRD T 2319 >pex 112273 THB. TDE X, <oy 1 k[X] DHIH
RIEF 7R 5.

HEREEIBEERNEF 22 Z L OFFAZZEVTE L. (thoEFICE LT, XFFEFRICHATE 3.)
fRE 3.11. < FHIENRIEFTH 3.

Proof. BBIEX 1 1B T 2R FLZ (0,...,0) TH 272D, FEDue M, ITHL, 1 <jxu &5 Z
CIEHLTH S.
RiZu,v € My, ZERICED, u<jex v THBETE. 2O E, FEDOw=1" € M, IZHNL, uw &
vw BEFRIE> THIRT 5 &,
B+7y)—(a+7)=B-a

YBDT, uvw <jex vw DIED.
PEED <o ZHEREFTH 5. O

HIHANEF ICBE LT O HFER RS 5.

EE 3.12. f=), a,2" €k[X] ZERTRVZERY L, <% kX 0BENEFL T 5.

(1) f D < ICBT 2ZERE (multidegree) &1F f OHFT < 1T L TIHRADIH 2> DFEHARZ +
N, aDZETH5. % mdeg(f) &FHL.

(2) f D <I12BIF 5 FKFEFRE (leading coefficient) &1, LC(f) = amdeg(s) P ETH 5.
(3) f D < BT % %BEHEIER (leading monomial) ¥ X LM(f) = z™ds() D Z v TH 3.

(4) f D < 1ZBF % 5%5EE (leading term) & 1X LT(f) = LC(f) -LM(f) D Z & TH 5.

ZThTid, ZABOZHAOH Y EZERT 5.

T 3.13 (MIDHT ATV XL (BER)). kX] OHERIAF < % 10BEL, F = (fi,...,fs)
¥ kLX) OIEFNT b s HOSEROME T2, oL, FED f e kX &

f=afit -+afst+r

LEIS. ZZT, q1,..., ¢, €KX Tr=0, $%kiEr=>_a.,2* T, YOHIEK 2%(ay #0)
b LM(f1),...,LM(fs) DWTHhTHEI DI RV, ZDr %, f% F THo72RD (remainder) &

12



BER. X512, b L qifi #0 %251E, LM(f) > LM(qif;)) TH 5.

Proof. 1ZBWDBE LRI, 713V XLDHEa— F2HWTKDD & T5.

Input : f1,..., fs, f
Output : g1,...,¢s,7

q:=0;...;¢5s:=0;7:=0
p:=f
WHILE p # 0 DO
1:=1
divisionoccurred = false
WHILE ¢ < s AND diwvisionoccurred = false DO
IF vr( f;) 2 L1(p) Z#ID Y]%5 THEN
i = ¢; + LT(p)/LT( f;)
p:=p— (Lr(p)/LT( fi)) fi
divisionoccurred := true
ELSE
ti=1+1
IF divisionoccurred = false THEN
r:=r+LT(p)
p:=p—L1(p)
RETURN q1,...,qs,7

O

>

il 3.14. EIDET LIV XLDHE LT, f=2?y+ay’+y° % fi=ay—1% fo=9y*—1THAS. &
CCHHEANEFE LT o >y ERA2FENEFEEZS. 2O %, LT(f1) =2y, LT(f2) =y> TH D,

fORFZDOEE L TEOYNZIED DS, f1,fo & 1,20 EEHEOPTHUCTENTEZ 2 XD X5
272 5.

G Tty
gz @ 1 r
-1
xig_lixzy—&-ng—&-yz
Y ny—x
zy? 4+ x + 2
xy? —y
c+y*+y
v 4y — T
y' -1
y+1
1 — T+y
0 — r+y+1

COMREID, fERDESIIRES.
f=@+y) -@y—D+1-> =)+ (@+y+1).
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CORDOEZ YDA L) T LT(f) TbE D AR,
ZD7NAY RLDERIZENB 1 DD 5. ZRUIRDD f1,..., fs DIEFFFIHKELTLESI RTH 5.

FEE, RoflER 5.

B 3.15. fi=ay—1,fo=9>—1€klz,y] £BE, 1>y ERIZFENEFEEZS. f=ay> -2 %

F=(f1,f) THZ L, fEHRIZ

f=y @y =140 (4 — 1)+ (~z+1)

5. F=(f, f1) LTI,
f:x-(y2—1)+0~(wy—1)+0

Y5, LEDRoT, H3ZHEROBEFICL>TERIIEDL->TL 3. B 220HOEDEDER,S
fEfr, fo) DHESD, 1 DHDEID HOBRIHZZDZ e Bbh bW,

FOF = (f1,....f) CXBEDEERIT-T, RODBr=08Ro/2 & fec(fi,....fs) TH3. OF
D, r=0F fBATT7NIEBT27DDT05MTHSE. LrLEDHID X S ITHESZHTEIRY. 47
FAFEREADISHDOENPS R T Z0EHE 7LD ZLEFRRETH L. ROBTIZZOMERPK

T 5.

R
FE IR & XS 2 REENIERF T, ROZHK f O FIL2EDEEZEITL, RDZRD L.

(1) f=2*?+ay®, F = (2y* —z,2 — ).

(2) f =2 tay —yz F = (x gy — 222 - 1),

14



4 EBIRNILFOEREEEREILITF—EE

EE 4.1 [ CkX] % {0} THRWATT7LEL, kX OREXIEF < % 1 DEET 5.
(1) LT(I) 20 TRWILOLBHH2RDESE LTS5, D% D
LT(I) ={LT(f) : f € 1\ {0}}
r35.

(2) (LT(I)) TLT(I) XX > TERINZA T TAERT. ThE D < ZHT2EABEATT
JL (leading term ideal) &\9.

FPRHIEA T NVOEANRNEEZZE T 5. AR T4 7Y Y OMELREDNORGTHS.

Rl 4.2. I Ck[X]| 2 {0} THRVATTLET .
(1) (LT(I)) 1FHIEKX A T 7L TH 5.

(2) (LT(I)) = (LT(g1),...,LT(g))) ¥ 2B &35 g1,...,q €I B ERB.

INEHWSE ZETINTDZHEAA, T7ADERENRTH S Z e DT 5.
FIE 4.3 (EA~NL N OREER). IXTDA T 7N C KX ITERERTH 5.

Proof. L 1 = {0} TH2%61X, £FLOEEZ {0} tr s enTeT, AREREKRS. 22T
I #{0} 235, 5, kX OBRHEAXEF < 2 12[EETS. @42 &D g1,...,9. € I Z (LT(I)) =
(LT(g1),...,LT(g;)) 27z T LS B2 MWTES. ZZTI=(g1,...,9) BT

(g1, g)) CLIZASHTH S, Wi f e I RIEBEOLERE T2, f% (g1,...,9) THEZF012, &
H3130EDE7 LIV XL EEHAT S L,

f=an+ - +aqg+r

DEIFLENS. T TrDIXRTOEXLT(g1),...,LT(g) DI THE DTN, 2D E, r=0
ZIRT.

r=f—-qg——qgcl
THZILIIEETS. bLr£045613,

LT(r) € (LT(I)) = (LT(g1), - .., LT(g:))

TH-T, 210 £ LT(r) X LT(g;) DWITHLTEI DI RFE R SRV, ZHUdr RO TH
5ZZRLTEBY, r=08k5. LEdPoT,

f=qg+ +ag+0c(g1,...,0)
PEBN, 1C (g,....q) TH%. BLEEDEEITRENS. 0

LA OEEEHDOISHE 12BN T 3.

EIE 4.4 (F#HEMH (ACQ)). k[X] DA 77 L DR 7 54

Lclhcl3C---
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BHBEHMN > 1BFHELT,
In=Iny1 =Inj2 =

5.

Proof. I =\J2, I, £ BE, INEKX]|DATT7NERZI%RRAE. TXRTOIHLTOE [ THZP
50l THd. X, f,g e IBRBIFTERICED, BHZR & jIIHLT, fe[#Dgel; TH?,
k=max{i,j} £ 32, f,gely £722DT, #Rf+gel, CITH2. [AkRZ, felhDrek[X]
TH2R51IFE, BYR L, felirRD, r-fe,CITH2DT, IZATTLERS.

AL DOREEHED £, f CTDPFELTI = (f1,...,f) £725%. [OERIDHE fildh
DD IICAS. Tk fiel, £33, N2jD53bRRODBOL T2, TRTDIIHNLT fi€ly
THb. LIdoT,

I=(f1,....,.fs) CIyCIny1 C---C1I

&b, I=Iy=1Iny =Inso=-- &185. O

FiZACCZIET 2 & A~V M OEEEHIFIATE 2. 2%0, ZO 2203 FAEZEHETHS. Z
DUHBEEZROROZ 2 —fRICR—F—ERr 5.

X, FHEA TONVETHEERT. i 4.20 (2) 25 Tgy, ..., 9 DT DEBRTHIUILT (g1), ..., LT (g;)
LT 2T 22 LWOBOWORHERIIEZ NS, LrL, ZHUT—BITIEED L7270

Bl 4.5. fi=a%—2zy, fo=2?y—2y° 42 2L, I={(f1,f2) Cklr,y] £BL. 2>0exyZEZXS. ZTD
&,

v (a2 — 2% +a2) —y- (@® — 2ay) = a?

X0, 22 €I TH%. LicdoT, 22 = LT(2?) € (LT()) 215%. LH»L, 22 1 ZLT(f1) = 23 T
LT(f2) = z?y THEID YR WA S, M8 2.10 225 2? ¢ (LT(f1),LT(f2)) TH 3

—HT, EH 4.3 OFFEP S (LT(D)) = (LT(g1),...,LT(g)) THIUZ, I ={g1,...,q:) £72%, DFD
91, g E T DERRERDZERDNS. ZORRIBAERRICHRTZ DT 5.

E&E 4.6. k[X] OHERIEF < 2 1 2EET 3. {0} TRWVWAFT7 AT C k[X] DBRIESES
G={g1,...,q:} D < ITBHF 5T LT F—EIEK*Grébner basis) TH 5 &1,

(LT(g1), - -, LT(ge)) = (LT(I))

BT 2icns. £2EELE @) = {0} 52T, ZESEZX AL FTLDOIL T F—HE
ThHLHLERTS.

a7V 7F—HEIE T Y 7N—F— (B. Buchberger) ODELFHXOFTEA XN, ZOK, HOEEHBETHE L
7' — (W. Grébner) KHEEZRL T, L7 F—REL &M 7. ERFERNEFEHIC & > T RBOBEI TR
.

ER 4.3 DFEADR O DN Z & 2ilbRTEL.

B 4.7. k(X OHEREF < Z 1 DEET 2. IRXRTOATT7AVIT ChX]|E<ZET27L 7
F—REERRD. I5I, IOLARITLVTF—HED I DERRL K.

FIFEIBARIZE D12, VT F—REZIA T 7NVORNEERRTH 2. ZhEHWTAREETH - 7=E
DETZLI) XALEBREERRDBDICL, AT 7 NAEBREZERIRRTZ N TE 3.
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i 4.8 (RYO—EMW). Ick(X|Z2A4F7 7L, G={g,...,0:} & k[X] D % HIERIEFIZ
32107V 7F—HELT3. ZorE, Gxohi fek[X]ITHLT, RD 2 DD5EME%TH
72 S 2R r € k[X] B2 —OFET 5.

(1) r DX DIED LT(g1),...,LT(g;) DENTHENRW.
(2) f=g+reidgecl PFETS.

Rric, ZL7F—HKGIRELZ2EVEORDIZ, G DITLOIEEFICL S0,

Proof. r DFTEWX (g1,...,0t) KK BHDEZFETTUIRY. —BEWEZRT. f=g9g+r=¢ +r D (1)
P Q) BT TE. COLE, r—t =g —ge [ THBEDT, 1A HHIELT(r —1') € (LT(I)) =
(LT(g1), ..., IT(q)) L5, 6o T 210 X1, LT(r — ) 12 LT(g:) DWFHAHTH D Y 5. L
U, (1) &0 cAUdH DR, LidioTr = 1 ¥ 72 ) GRS, O

WE 4.9. FHiF, V7 F—HECLZEDEDORDIE, 7L 7 F—EEOMD FICksR0w. LidoT,
HIEAEFZ 1 DEET 2L, ATFTAIRES fOHDHEORD "% —BICERT LI LHTE 3.

VL7 F—REICED, EIDEORDP—RITEE S I b o7zDT, IhzHWTA 77 AMER
EDRRTZ 5.

% 4.10. ICEX]BAFTALL, G={g1,...,0) % k[X] DD 2 HERIEFICET 2 [ D7 L
TFHELTE. COLE, fekX]ITMLT, felk f%GTEH-RBORIHLETHS
Z FRMETH 3.

Proof. XYY RTHIHHCIE, f€lITHBILIETTICRE M felPERNIRE, f=f4+0
WX 4.8 D2 ODEKMRTT. Z&D, 0k f %2 G TE-7RDTHEIEHHES. 0O

CCETOHMIATTNDIL TF—RIE G BT TICORoTWE EWIHIHRTEATWS. Lo
TAF7NI HIHERNEF < 520070, TO<CHT27L 7F—HEPI VOB THROIFZ L
MTEZH, LWVWH ZePEERMEE 5. ROET, 1 DERRBP IV TF—REL L2305 »0H
EiE, FLTEREZHWTBTFRERRPS L 7 F—REEZROF 273 XL 2N T 5.

R

(1) g1 = ny—CUZ'i‘y,gz - fﬂy—Zz,gS = x—yz4 ZB%, I= <glvg2vg3> - k[.’E,y,Z} tj—é T >lex Yy Slex 2
WAL, LT(g) ¢ (LT(g91),LT(g2),LT(g3)) &2 ge I Dz F XK. > b BHERLZHH
HLAES e TN ZHAEE X L.

2 gi=z+2,00=y—28BE, I={g1,02) Cklz,y] £FT5. ZOEZE, {g1,92} 1T >1ex y AT
BZIDITLTF—HELR->TWS., f=2>4+1y> 222 R IZET 205 0HEEX.
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5 TwvIN—H-HEEETvIN—H=T7IIVIL
LUk, BAREERERE, k[X] O MIERIER % —oEES 3.
E#E 5.1. (1) 2200HEN 2228 ITHL, i WL T, 34 = max(a;, ;) EEZX, v =

(Y15-+,Y0) EBL. D 27 & 2* ¥ 2f ORIINRFETT (least common multiple) ¥ FECF,
27 = lem(z*, z%) ¥ &L,

(2) EaTRHRWZIHK f,g € k[X] D S BIA (S-polynomial) &%, 27 =lem(LM(f),LM(g)) &

L7zt %, , ,
X xr
S(fg) = ——  f— .
U9 =iy T g
THZLNABERTHS. CBEEATHIHL TS Z L ISR L) 505 S(f,g) € (f,9)
IRy oY LR

Bl5.2. f=a%2—a2P+2 b g=3'y+12 THL, 2 >0y DBEAEEZS. ZOLE, LM(f) = 23y?
¥ LM(g) = 'y DT, 7= (4,2) THo>T,
:L.4y2 $4y2
S(f7 g) xgyg : f - 3x4y g
= z-f—(1/3)-y-g
= =2yt 42— (1/3)y°

25,

WRES5.3. fi,..., fo CEX]DTNTRILZERMS € 22, 2 dDL T 5. ZOLE, RBMILT 5.
(1) S(fi, ;) DZEREZ 6 & D EIT/NE .

(2) fit o+ fs DEERED 6 KD BEIPNIWRSIE, fi+ -+ [ ES(fi, fi) (1 <45 < s)
Dk FRBOMUFEETH 5.

1 1

SUiti) = fim 5 Ji
i j

YEWTEXS., 2205 1 OHDEENEZICONS.
fit+ A+ o DEEXED S EDEINIWERET S, ZOLE, NELD, di+--+ds=0TdH 32
ZEeBbhd., XHIT

= 1 1 1 1
;dis(fiafs) = d <dlf1 - dsfs> ++dsq <dslfs—1 - dsfs>
1

7 (di+---+ds—1)fs

= fi+t- -+ fe_1—

BED 7D, UL, di+---+ds=0&D, dy+---+ds1 =—d, THZDH, T
s—1
Zdis(fivfs) =fi+- o+ o1+ fs
i=1

YEBTES. ZNT2OHDEENRE. O

18



%8 5.4. f,g € k[X] 2L, LM(f) = 2%,LM(g) = 2°,27 = lem(2*,2°) &5 5. 20 » 27 TE|D
tIhs L %,

S@ = f,2°Pg) =2*775(f,9)
ThH3.

Proof. LM(22~f) = 2°7*LM(f) = 2° 2»2 LM(2°~#g) = 2 PLM(g) = 2% & D,
lem (LM (202 f), LM(2°#g)) = 2°
TH5. LdoT,

S—a 5—p 0 S—a z° 5—p
S~ f, 2% Pg) = m'l‘ f—m'x g
_ a’ S—a z° -8
= e C T v Y
— 5_ :I:’Y . j— x’y .
= (i i )
= 2775(f,9).

EIE 5.5 (7 IN—H—DHEFEM). I 2 TRVEX]|DAT7re L, kX)) DHRERIEF %
—OEET 3. I DERRG ={g1,...,9: DI DZVL TF—HKTHZBEFHEME, EED
725 i, j 1T LT S(gi,9;) & (BRALDDIEFHA-72) GTEI-RDDBOTHEILTHS.

Proof. (+7tk) G7 V7 F—EIELT5. S(gi,9;) €I THZDT, KR 41005 S(g:,95) & G THlo
TRDIFOTHS.

(RENE) EED S(gi,g5) & RALDDIEFDAST2) G THoZRVNB0THELT5. 0£fel
B3, f=3,hig (hi € kX)) LB 35, LM(f) < max, {LM(hig,)} TH3. b L, HEHWOT
BRTTB25IE, B5 i 1H LT, LM(f) = LM(higi) £ 3DT, LT(f) € (LT(g1), .., LT(g)) 73
25, ZOHE, GBIV TF—HETHD I EHNES.

FENRD LT WGEDND 2 L ARET 5. HIAREF OERDL S EREOHHKXOESIIMNIT 2 #
DICRARETDE, f=3,hig OFZHTE—ENTRERVY, ZOLI5BEFEZHTDSB06ZEHREY
max;{mdeg(h;g;)} BRI 22 LIt Nd. ZORPNIEoRZEXHE I TH. ZOLE,

f= Y. Whg+ >, (i-LT())gi+ Y.  hig (1)
mdeg(h;g:)=6 mdeg(h;gi)=6 mdeg(hig:) <6
LEBTES. 2o, B2, H3ED Y 50BN HIHEAIL, TARTZHEXED § X D/hEw,
EolZmdeg(f) <o &b, BLIHED Y ABDOHDELZEHRBD § LOEIT/PI V. ZOE 1IHICEHT
3y, ZAUIMRE 5.3 D (2) DEMH R L TWS DT,

(3 138) = Zcu (LT(hi)gi, LT (hj)g;)  (cij € k)

LELZENTES. DI, i = lcm(LM(gi),LM(gj)) EBL T, filli#l 5.4 2w,
(L) = cija’ 7 5(gi,95)

i,J

YD, AGEDRS, S(gig) % GTESRRDIZ0EBRBEDT, a4 € k[X] ZAWT
) =) e a0 (Z am,wz> =y (Z x‘se) 9 2)
1,7 7 l 1,7
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LHREL. ZITEIDETZALTY X406 mdeg(a; jege) < mdeg(S(gi,g5)) EH 5D, S ZHAXDERD»DH
o3 mdeg(S(gi, 95)) <viy; LEbEDLE

mdeg ((Z Ci,jxé_’yi’jai,jl) gz) < mdeg(a°~7"75(gi, g;)) < 6

]
Lo T, 2hxmoX (1) X (2) 2RAL, ¢ OZHERGBHOMBE f = S, hhg E LTRS 2,
mdeg(h)ge) < 8§ &7 D, 6 DER/IMECFIET 5. DLETAEADSE T 5 5. O

ZOHEERMD, EROERRPO L T F—HEEMET LI ENTEL 7L XLBRRDEHT
»H5.

FIE 5.6 (FTy IN—H—FTNLIVRXL). I=(fi,....fs) Ck[X] ZXO0TRVAFTTLETS, I
DL TF—HEEZ, XOT7NLITVALZE->T, BREIDZATy FTHRTI2Z N TE 3.

Input : FF = (f1,..., fs)
Output : I DFZ V7 F—HEK G = (g1,...,9)

G:=F
REPEAT
G =G
FOR G’ %73 2 5DZIER p,q DO

r:=S(p,q) & G TElo/t ZDRD
IF r # 0 THEN G := GU {r}

UNTIL G =G’

RETURN G

Proof. 7TV XLDEHNC I =(G) THH, #DIELOZEMET, GIlTEMEN2ZHAIZORAT
D(G) DILEDS, WIZI=(G)THb. %/z, 7NV XLPELETIEER 5506 G X IDILT
FREE 5.
HLFE7NIVRLMPMEIET 220X IV, BDIRLOEET GBS vt r BmEhize s
22, MIhEOWEID, LT(r) X LT(G) DE¥DILTHEI D YIhizwv. k- T (LT(G)) € (LT(GU{r})) T
Hb. £oT, 703V XLDPENTWSE I B, (LT(Q)) b4 77 VDOED EFAZ 2T 7, ACC
kb 7ray XaFEIET 3. O

ff 5.7. TEHEE, AT T7NVDHLERRDPO LT F—REEER L TAHAXD. fi = 2% — 22y, fo =
22y —2y? +x, 1 = (f1, fa) Cklz,y] &L, I DB EWEEERNETF 2 >00x y KT 2 7L 7F —HK %K
D5, EFGC=(fi,fr) L, S(fi,fo)=y-fi—z fo=—a2 RDT, Th%k GTH-L EDORDIE —22
TIAUZOTER. DOFD {f1, L} E I DFL T F—HETIERN. 2T, TORD f3=—22 ZHL
WERITEE LCGIMAS. DFD G=(f1,fo.f3) CTHB. T3L S(fi,f2) & GTE-EADIZ0ITK
5. RZS(fr1, f3) TRILZe®#EZ 2L, S(fi,fs) =22y T, ZH% GTE->THRHIE 22y TOT
BV, ZIT, EBIT fr=—2oy % GITNMABY, S(f1,f3) % GTE>ERDIZ0 RS, KT S(fa, f3)
BEZDE, S(fa,f3) =202+ T, ZN%E G TE-/ZRDIE 22 +2 TOTRWV. fs=-22+axk
LTGRMA2E, S(fo,fs) % GTHIoIRDIF0 RS, FHZ, YD S(fi,f) 1<i<j<5’) &G
TE->/- EDRVIZOTHS. Lih-T,

{fla f27f37f4»f5} = {‘,ES - 2xy,x2y - 2y2 + z, —5172, _2$y, _2y2 + I,C}

BT D> KT 2L T F—HKE 5.
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e
RDATTNIT Cklz,y| LT, I Dz >y XBT27L7F—EKY (12) KD X.
(1) I=(z+y2*+y°)

(2) T = (zy,2*+y?)
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6 WHILITF—EHELHELEDHAR

T IN—FH =T NI X L%2FTT 2L, ZHADNEL ZAMZITWL,. 20, &EnZEA»EE
NBGEBRHL. 2FD, WOBRWTH L7 F—HEL L2 LI RZERPGFET Z2H5E508H 5. ZD7-
», BRAERLBRHBZEAXZWMOBRL ZE2EZ 5.

EE 6.1. RO 25457237V 7F—HEG %, #8)MJ L7 F—EE (minimal Grébner basis)
CIER

(1) TRTDpe G OEHEFRBUI1TH 3.

(2) TRTDpe GIXLT, LT(p) ¢ (LT(G\ {p})) TH 3.

HBHITVTF—RED (2) DFMEMT-ZRVELIE, 2O p ZEORWTHIRAL LTI 7F—£K
TH3. ZHLTHHZE-TWL &, RIRZFWNT L 7F—HEISGWDEL DT, MhIL 7F—HEIZ
FET 2. Larl, — RN L 7> —HHER T —E TR0,

ffl 6.2. f1 =23 2wy, fo=22y—2y>+x,1=(f1,f2) Cklr,yl &L, EBIT, fy=—12 f1= 2wy, f5 =
=22 +x 2 BL. ZOLE, {fi, fo, f3, f1, [5 } & T DXREUT ZWEFERNET 2 >nex y KT 2 7L 7 F -5
ETHotz, ZILHMUNT LT F—HEEZRD D, FTERTRVWERENPTITH L ITF—HETH S
ZEEEDLRVDT, fi=a%fi=ay fi=y*—Ja LLTWMHEZS. 4, LT(f1) =23 =2 -LT(f}) T
HBHDT, f1 ZMHRNTH LT F—HIETH S Z IFEDLLRWV. FAIC, LT(f) = 2%y =y LT(f})
kb, L BWOBRFB. 25 U TRo 7% {f5, fi, fAY G (1) & (2) 22T DT, ZaH T ofhrL
TF—HEL 2oTWS., —/, BYURERack ZAWT, fs=a2+axy £ BLY, {fs, [, L} TID
BUNT L 7R —HEKE R Z eI EHEICHE,rDONDS. DFED, UM L 7P —HEEEREES Z & 23]
REL 72 5.

WL 7 F—RROHT, ZHBRVHD, 2FD, —RHITEXLLIBRDDRBRNHIEZS.

E& 6.3. RD2EM%hT /L7 F—BE G 2®J LT+ —EE (reduced Grébner basis)
CHES

(1) IRTDpe G OEHEFRBI 1 TH 5.

(2) TRTDpe GIHLT, p DY OHERD (LT(G \ {p})) KE X,

T 6.4. I C h[X] ZERTRVAFT AL TS, 5RON-HERIEFICELT, T3#ENZL
TF—HEERRD, #IL 7 —REEIIE—ICEE 5.

Proof. £ FELRAHAT S, MNR T DIV ITF—BIEG={g,...,.:} 2L 5. ¢ g1 % G\ {g1}
THoRbEL, G ={d1,92,...,q:} £F 5. WUMEXD LT(g1) = LT(g}) TH 5. FEFE, LT(g1) 1
LT(G\{g1}) DWFATBHEDYINL VDT, EIDE7 LIV XLATERDIATIES6THS. £oTG
WFHUNT L T F—RIE 72 5. RiT gh % go & G1\{g2} THIoRD L, Go={d1,95.93, ..., g} &F
22, Gul3MUNTL 7 F—HEr 5. INEHRITVWE, g & G, $TEDD L, LT(g) = LT(g)) D
G EFANTHUNI LT F—HIETH 5. LT(G) = LT(Gy) & g, DRV THB e b, G dir L7
FREr 725,

RIC—EMZIHATS. G G 2edblBNI7L 7 Fr—REET5. Zorx, G G 3WhrL
TF—HEL R BDT, LT(G) = LT(G) TH5. LEN-T, geGRE5Z21LE, LT(g) =LT(¢) &
%5qg € G PFETZID, ZOLEg=g¢ RAHTNEI—EMEIES. 5, g—-¢ € [ 2FZX5. G
BV TF—HETHLDT, g—¢ ZGTEHEYNS. LarL, LT(g) = LT(¢) TH 225 ZDIHZ
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g—g ODFTHBHELD-oTVWD. Lo TG L G HBHENITL T F—HKETHZDT, Ho TWBHIHIZ
LT(G) = LT(G") ¥ OHETHE DY, 2, g—gd DGR EZEDEORI N g— g HETD
2ZrEERLTVWS. DFED g—¢ =0 LR DIAADTET T 5. O

Bl 6.5. JLIFLDRIEEZ B, KX, {fh fi, LHETOWHZL 7F—RIETH 2. —F, fs BER 2y »
(2) DEHZIRZIVDT, a#0THIZ, {fs, f1, 1113 T OHEHZ L 7 F —EETIZR.

WL T F—HEO—BHDOHE LT 22004 F7AN—HTE30DHENTX 3.

2 6.6. 20DK[X|DATTNIE JDP—HTIREFTHFMHE, [ IDH5, FITTRTOH
HERIEFICET 2R BN IL 7 F—REEZROZ 2 THh 5.

COREMST, k=Cor %, ZHEROBEN AERAPEER -V 2L 7 F—RERHWTH
ETED. ZORDICRELBEROFEEZ I EZHENT 3.

FIE 6.7 (EAL POFEFEH). k=C 55, (o —Mk ZREMEAKE LTS X))
AFT7NICEX] L, VID=0k2Zrl, I=k[X]&R2ZLIXFAMETH 3.

COMRDP k=R TED RN, [=(2*+1) 2EZUIDNr%. ZDOHETH, I =k[X|T
HUL, VI)=0TH2Z LIIE>.

3268 k=Cr32. AT7VICKX]WZHL, VI)=0tk2Zty, IDH3, FITXRT
OHIAANEFICBI L T {1} 27 L 7 F —BRICHO Z L IIFAHETH 5.

k=CTHRTH, 15 {1} BHH 7L 7F—REIHTE, V() =0 27425235,

RIZT 9 IN=H=TNITVZALOEREEEZS. £, ROBELATHS I LDEKRIIOVWTH o —
RV R 252 2 ENR D 5.

E#&E 6.9. FENEFZEEL, G={g1,...,q:} Ck[X] & F3. Gxohl fck[X]THLT,
f DHEZERI (standard representation)

=411+ -+ Agr, A; € k[X]
(727201, Aigi #0THBMBH, WOTH
mdeg(f) > mdeg(A;g;)
Ziiz9) 2RO %, fIIGRAErLTEOIEBRNEThD 2w, Thz
f—=c0

&L

HDBE7NVITYVZLERDD—ETREPoLBADPORD Z EDDD5.

78 6.10. G = (g1,...,9) T kI X] DIEFEEL L, f kX 2EETS. D%, f2GT
Elo7RODB0OTHERLE, foc0TH%. LrL, ZOMEI—MITHED kv

WoT, foc0Ef% GTEHSZKORIDBORZ2ZD— Lo TWnd. Thzffiv, 7y
T NI —HESRM 2 —RIETZ 2.
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FE 6.11. 177 NVIDEKEG={g1,...,} DTV ITF—BETHZZ L, S(9:9/) ¢ 0D
FTNRTDi#j THRHIUIDZ L IZFEETH 3.

Proof. GZ VL7 F—REDL %, S(g;,9;) DG EBEDEDORDIZF0LAD, fi#6.10 XD S(g:,95) —c
02MES. WX, EH 5.5 OFFHTIE,

t
S(gir9:) =Y _ Aege
=1

iﬁAggg #Oo)t\:g,
mdeg(A.ge) < mdeg(S(g:,95))

ZhizT VS e Lo TWRVWOT, Tad S(gi,9;) ¢ 0 ZEBHEKT 2DT, EHBHES. O

O MAL LT HIEE RS T, 7TV XLDHT S(g;, ;) —c 0 27%2 S ZHAFFARBRLL TEWVE
EHEFATE . L L, BIDEORDIE—ENTER» 27D T, S(g:,9;) 2c 0 ZHET 2713V R
2FD L TRDBEZ DT, SENE, S(gi,9;) —c 08723 g;,g; DTIEMEZIEHL, 713V XL
AALZLIZT 5.

%9, ROMEFIHLLTHS.

R 6.12. fek[X] 2 G = (g1,...,9:) CHIoRLZDRIDr £L£0DEE, G' = (g1,...,G,7)
£33k, foc 0TH5.

COMENS—EF vy 7 L7 S ZHEAL, WELZSIERDEEMT2IET) BUOF 2y 7§23 081X
BV, TARFTHREVRHEZHO TN TES. ROMEDWMDTHEITH 3.

B 6.13. YuThWZHEK f¢g € k[X] WL T, f,g DEEBERNPEWICE, 2D
lem(LM(f),LM(g)) = LM(f) - LM(g) 722 £ %, S(f,g) —{s.4} 0 TH 5.

Proof. Y7 EBEMFS 28T, LC(f) =LC(g) =12 LTXW. f=LM(f)+p,g=LM(g)+qtH
. T,

S(f.9) = LM(g) f—LM(f) g
= (-9 f-(f-p)yg
= 9 f-af-f9+tpyg
= prg-qaf

EREDL. 5, LT(pg) =LT(qf) ZIRET 2. ZDL X,
LM(p) - LM(g) = LM(q) - LM(f)

MHES. Ko TLM(f) & LM(g) iZHEWIZEH, S LM(q) 1 LM(g) TEIb YN 3. LA L, LM(g) > LM(q)
WHETS. LIhoT, LT(p-g) #LT(q-f) TH2. Zanb,

mdeg(S(f,g)) = mdeg(p- g — q- f) = max(mdeg(p - g), mdeg(q - f))

COMENS T OMIEERLENTEL.
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%6.14. I =(f1,....fs) Ck[X]ZEOTRVWATTAETE. BTDi#£jITHL, fik f; DE
EHHEADEWCETHIR, {fi,. .. [ EIDITLTF—HETH 5.

EERE
() ATT7NVITI=(x+y,22+9%) D x>0y KETIHENIL 7 F—HEEL KD X.

) ATT7NVI= (22 +y+z—1Lx+y’+z—Lo+y+22—1) Cklr,y, 2] ITNL, FEREENIEF
O, ZOIEFICET 2 I D7V 7 F—HEZRD K.
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7 HEEECHRERE

ZOHiITIE, RFEROHMWTH > ZHEAOHVV B fi= =f,=00EEEZ 5. 1 ZHOR
BOHFRRERE 5 KA LR L BORNRD TN, —fRICZEROE . HERIIBBERERD L N TER
WIGEDNDH S Z L ICHERT 5. # 1 XAEATE, AEXHAGDETE-REZES LTwE, ZHoD
VBN TR B IR S TRERD TV o7z, TSR, A T 7V (f1,..., f) KET 2 fiEzR
PRI ZLIWCHYT S, ZOFEE—OMNT 5. IFEBE O THL, K[X]e =Kz, 0] 8T 5. Z
ZTEk[X]o=k[X] TH 5.

BERT.L EX|DATTNIT=(f1,..., fs) THLT, ¢ KBEEATTIL (elimination ideal) %
I, = Iﬂk[X]g

TEDD. 2FD, [KEBTZZHADI S, BROUIDIER STV DERDOLTRAETHS.
ZorE, [BEX],DATT7VTHE GEFHZEK T Z) . %%, 1 =1TH5.

EE 7.2 (HEEM (Elimination Theorem)). k[X] DA 77V I OFFEXIEFICET 271 7F—
BEEZ” G={g1,...,9s; £55&, 0<L<niTHLT,
Gy=GnN k‘[X]g

BIRBEEATTNIL DL T F—RE RHAERR) TH 3.

Proof. £ % 056 n ORTEET 2. MO 25, Gy, THHDT, JLITF—HEDERLD,
(LT(1y)) = (LT(Gy))

ZIFATUX V. D 3L »ROT, HOUEEGRERT.

feL,cle3s. GPIDITLITF—RETHZDT, LT(f) F#HY% g e G Z iU LT(g) TH|
bz, fel, THZ20, THUILT(9) BEB 2441,..., 2, I EEL I 2EKT 3. 2 I THE
RIEFEZHNTWEDT, x1,...,0 ZACHRERL K[X], OFTRXTOHEALDHKREV. Lo T
LT(g) € k[X]e &V g € k[X], DEhN 3. ZHlEgec G ZRLTWS. £oT, LT(f) X LT(G,) DH
HAOWIT N TEH DY 2 2 WvwS Z2iciz b, LTI(f) € (LT(Ge)) eV, EREAREHAT % /- O

W 7.3. 1<l <nOPORY (%2 1DOBEFET 2. Z ...,z 2072 D 1D ETCHIERN k[ X],
DFRTOHERI D RKE WL &, BIENEF < % (HEZC TR, £ 7.2 Ot T3 &EIER
DZOHHELIE> TWRVDT, XDOEIIWC—IETES [ IV E[X]|DATTNLT, GBI DUIHEXR
A 7OMEFICET 2 7L 7 F—HEL T3, D%, GNkX]) EI(RBEEATT7NVINKX], DTV T
F—HETH2. HENERITED 1 <<n LT, (HEXATTH 3.

HEETHMITZER T 2005, A TT7VOHT, Z o, ..., 2 ZEBERWEZHADEET UL,
ZIEFERIEFICET 2 7L 7F—REOHFTROIZ2 22 TE 2 (BROITHHELAEZS), 20
ST THb. ThzlITHERELTAS.

Bl 7.4, HI TN

i = ay+22-2=0
fo = 22—yz=0
fs = zz—y*=0
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ERNTHS. T=(f1,fo, fs) CCla,y,2] LB L, I OFERIEF <o KET 527 L7F—HEL LT,

g = =32 42=>:-1)(+1)(:*-2)

g2 = y-y=ylz-1)(z+1)

g3 = P42 -22=93+2(22-2)

g1 = z-y’z (3)

Bend. {g1,92,93, 94} &I DEBRIZDT, V(f1, f2, f3) = V(91,92,93,94) THoTe. 5, HEEHZ
fifis ¥,

I =INCly, 2] = (91,92,93), Io=1INC[z] = (g1)

THHZehbhd. g =0&D 2=+, £V20b05%. £F, 2= £/2%51F, g2o=0&b y=0,
EHIg=0&Da=08%RD, R (z,y,2) = (0,0,£V2) 212, KT, 2 = 1 %5IF, g5 =0&
D, Y¥3=21%2D, wZ1D3FRETIYL, y=dw THY, ga=0&D 2=+ 22205, E
(2,y,2) = (Fw?, +w,+1) 2185, DLEXDETOMIKRE - 7.

ZOPIT, 2 =41 (y,2) = (fw, 1) ZZNZN V(L) C kLR V(L) CE2 DRTHSE. 2FD, I
R LTGS2 TBERORTH L. ZD KIS RIHEA 77 /NG T 28RO R % B0 R & W
K. Lot MafEs» SAKRD I WEN HRROBIHNRT 2 Z e TE. Lal, —#ic, YA
TR ER R S T DN SRR OFITHEIR T % 2 L IR 5720,

Bl 7.5, HIL TR

fi = xzy—-1=0
fo = 2zz—1=0

BEZD. I =(fi,f2) Cklr,y,2] £ L, T >ex ¥ Dlex 2 BEZDE, {fi,fo,y—2} ZIDTLTF—
[Kr725. XoT, HEEHDIOy— 23 L DIV T F—EEE RS, LIhoT, WA# (y,2) = (a,a)
(a € C) %19%. &, G fE (0,0) 2EX 3. TOHNVAHBRRNEEZ 2L, (2,0,0) BILOEN HFERDOM
WKELBWICIZHLITH S, LizhoT, ZOESHEIRLC, woE HEROMER S Z ik T
ER/4NN

FIE 7.6 (TLREM (Extension Theorem)). £ 77V [ = (f1,...,fs) C Clzy,...,z,] ZEZ, I
ZIDIRHEEATTNETS. £1<i<sITMLT, f; ZRDEIZ

fi = ci(za, ..., 20z + (x; DKED N; RiSTH 3H).

ZZTN;>0Tec €Clrg,...,2,] 3R THRVWZIHNTH 2. HI#E (az,...,a,) € V(L) DD 3
CIRET . ZOEZE, (ag,...,an) & Ve, ..., c5) RDIX, ag € CHEELT, (a1,...,a,) € V(I)
TH5.

AERHICIE D 5 A LEFAREZ DT, FIROMNMZ I ¥HTHEL.
Bl 7.7. Feohize
fi = yx—1=0
fo = z.x2—-1=0
BRODT, c1(y,z) =y, ca(y,2) =2 7% 5. TDLZHDMHE(0,0)2EZ 5L, (0,0) € V(cr,c2) BDT, #A
REFOBIEIIL D Sz, FEEE, IR TERW I EIFEIEE R, —7, 0£ae CITHL, E57fE

(a,a) 1 EZ V(cy, ) WEBERWDT, 5 be CHEMELT, (bya,a) &\ ILOEN FIEXDMITHLRT &
5 Z e DRREM A SOH S, B, (La,0) 05ELHERORTH 5.
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JLI7F—EBEDRHA
JV7F—HEDOSHE LTHRZZRDE 572 D0H 5.
o B> 27 4
o BEHGEHHE
o “FETHH
e IRy N2
o REUHET

D XS WREBERICHEDR D 2H, —20 (RO KER) BEIZIL 7 F—HEOFRIZFEKRT, 28
PR 226 F 53 EPIROLRRBZEILTHE. 2072012, V7 F—HEEEHRTHL 7L
) XLADREFEIRD LN T VWS,

—7, V7 F—REIEEP RV, MR, FICTEERGmCREBER B VT, EFICH DR
BETHZ. HIZIE, FIEETHETERVWE SR BIXEn BEEY) A 77V INEZ5NKE, &
DEAMEFDERRE BB AT 2D L 7 F—RIETH 2 Z e #HARNICHHT 2 22 235 5.
TR TV T F—HEDNE I EF 29 T3 T 7w b 3D ThHs. LMRERD 2 DIFFEIFHL
Molzh 33, MIHREZRKROFRSFHED Db izh 3 5.

Macaulay?2

w&ERIZ, 7L 7 F—HEZERTZ 2 R OFIREEAES X7 4 ¢ LT Macaulay2 Z#8/13 %. Macaulay?2
EARECRM e v BOFED DD, 7V —DA =T Y —RBFH BB 2T 4 TH 5. Unix ¥R
72, Mac OS X BXU, Cygwin Dd ¥, Windows TXv>ua— KL, fHAGETHS. /2, LUFD
FANTY 2T T IR F T4 THATAZE DARETH 5.

https://www.unimelb-macaulay2.cloud.edu.au/#home

BIZIE, A 77V = (2% +y,22y +y?) CQlr,y] D x >0 y AT Z 7L T F—HEEFHET 2720
WX, Roaxy RTHETE 3.
i1 : R = QQ[x,y,MonomialOrder=>Lex]
i2 ¢ I = ideal(x"2 + y,2xx*y + y~2)
i3 : gens gb I

I, ATT7NITIDTLTF—RIRICE2ZHA f OFDBEORD X
i4a : £ 41

TRFE 2. HIHEAEFZEZ 00U, BIZEREN EHERNET D5 EE Lex DEf77 % GLex 72 21
ZZAUR00, AIHFEE LR IUE, rlex TEHEINS.

EERE

(1) AR
P +y+z = 1
r+yi+z = 1
r+y+22 = 1

&7V 7 — R AW TR,
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(2) R FFER
L = 22422 -3=0
fo = 24ay+y*-3=0
BEZD. 2>1x Y 8 Y Slex x D 21D DHERIEFICBT 2 I = (f1, f2) C klz,y] D7V 7 F—%

ExRD, [Nk[z] & INky OERREZNZARD &, $2W2NDF LT F—HEK i 5T
FEREME, Y5 o0Mb 0T 5L 2D &
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